Abstract. We compute numerically the threshold for dynamo action in TaylorGreen (TG) swirling flows. Kinematic dynamo calculations, for which the flow field is fixed to its time average, are compared to dynamical runs, with the NavierStokes and induction equations jointly solved. The dynamo instability for the kinematic calculations is found to have two branches. The dynamical dynamo threshold at low Reynolds numbers lies within the low branch, while at high Reynolds numbers it gets closer to the high branch. Based on these results, the effect of the mean flow and of the turbulent fluctuations in TG dynamos are discussed.
Introduction
The magnetic field of planets and stars is believed to be the result of a dynamo instability originating in the motions inside their electrically conducting fluid core. A dynamo occurs when induction due to motion overcomes diffusion [1] , corresponding to a threshold in the magnetic Reynolds number (R M = UL/η, with U and L characteristic velocity and length scales of the flow, and η the magnetic diffusivity). For liquid metals (such as molten iron in the Earth core, or liquid sodium in laboratory experiments [2] ), the kinematic viscosity ν η, and the magnetic Prandtl number P M = ν/η is ∼ 10 −5 or lower. Thus, the Reynolds number R V = UL/ν = R M /P M of dynamo generating flows tends to be very high: critical values R c M of the order of a few tens are associated with Reynolds numbers in excess of one million.
Here, following the practice in laboratory experiments (and also in several astrophysical and geophysical flows), we focus on flows generated by a deterministic forcing at large-scales. For these, a mean flow develops in addition to turbulent fluctuations which (as observations show) are present in all spatial and temporal scales with correlation length and times extending to the integral scale. In a previous work [3] we considered the flow generated by Taylor-Green (TG) forcing at large-scales. Lowering P M to 10 −2 , we established that the value of the threshold for dynamo action R c M , of the order of 20 for the laminar flow at low R V , undergoes an eightfold increase as unsteadiness and small-scale motions develop. It was also observed that once turbulence is fully established, R c M saturates to a constant value. For planetary bodies or laboratory experiments, the numerical prediction of the dynamo threshold in realistic conditions is still out of reach. Nonetheless, the experiments [4] in Riga and Karlsruhe found the onset to be remarkably close to the values predicted from kinematic dynamo simulations based on the mean flow structure [5] . However, the flows in these experiments were heavily constrained to reproduce the main characteristics of the Ponomarenko and G O Roberts flows respectively.
These results have led several experimental groups seeking dynamo action in less constrained geometry (eventually leading to richer dynamical regimes) to optimize the mechanical forcing using kinematic simulations based on mean flow measurements [6, 7] -with the advantage that mean flow profiles can be measured in the laboratory. It is thus of interest to test the validity of this procedure, and possibly to clarify the role played in magnetic field amplification by the mean flow as well as by the turbulent fluctuations.
We compare here numerically the dynamo behaviour as simulated from the magnetohydrodynamics (MHD) equations (1) and (2), to the result of kinematic calculations in which the velocity is fixed to its time-averaged profile. In the fully dynamical problem, we integrate pseudospectrally the following equations in a 2π-periodic box:
together with ∇ · v = ∇ · B = 0; a constant mass density ρ = 1 is assumed. Here, v stands for the velocity field, B is the magnetic field (or the Alfvén velocity), j = (∇ × B)/µ 0 is the current density, and P is the pressure. The forcing term F is given by the TG vortex [8] 
with k 0 = 1. In [3] k 0 = 2 was used and thus, at the same resolution, the Reynolds numbers, based on the energy containing scale, are here approximately twice that of the previous study.
For a given viscosity, we first let the flow settle into a statistically hydrodynamic (nonmagnetic) steady state (only equation (1) is solved with B = 0). We either use direct numerical simulations (DNS) for flows with R V up to ∼1000 and P M down to ∼0.2, or large eddy simulation (LES) schemes with an effective viscosity ν eff [9] for P M lower than about 0.01. Details of the dynamical runs are given in section 2. In the kinematic runs, equation (2) alone is solved with a prescribed (average) flow, details are given in section 3. Section 4 presents the results of both sets of simulations, and compares the values of R c M for each set. Finally, section 5 contains some conclusions and discusses the implications of these results for our understanding of large-and small-scale dynamo action when P M < 1 and a large-scales flow is present in the system.
Dynamical runs
We first describe our dynamical runs. The mechanical Reynolds number is increased by lowering ν and keeping F = 1.5 fixed; numerical grid sizes go from 64 3 to 256 3 . For all runs, the ratio of the largest resolved wavenumber k max to the viscous dissipation one k ν is larger than one, ensuring a correct hydrodynamic resolution [10] . Moreover, we computed structure functions in DNS
p up to order p = 4. As is conventional in numerical simulations of turbulence we have verified that at small-scales the velocity increments obey the trivial scaling S p (l) ∼ l p for min < |l| < 3 min where min = 2π/k max is the smallest increment in physical space [31] . Thus the small-scales field is smooth and the dissipation is well captured in the DNS.
Once the hydrodynamic steady state is reached, a seed magnetic field with energy 10
evenly distributed among Fourier modes is introduced, and the MHD equations are integrated for several magnetic diffusion times. For each run, we compute the growth rate
where E M is the magnetic energy. The critical magnetic Reynolds number in the dynamical runs, denoted as R c M,dyn , is defined as the value of R M for which σ B changes sign at fixed R V . In these runs, R M,dyn is defined as R M,dyn = U dyn L dyn /η where U dyn and L dyn are respectively the r.m.s. velocity and integral scale in the dynamical flow before the magnetic seed is introduced-a precise definition of the integral scale is given below in equation (5) . In the DNS, equations (1) and (2) are numerically integrated, whereas in the LES the large-scales dynamic is accounted for but the velocity fluctuations at scales smaller than the Ohmic dissipation scale are modelled (as a result, the magnetic field is directly resolved at all scales) [3, 9, 11] . The LES was validated against experiments in [9] , and the value of R c M from the LES was validated against DNS and another subgrid model of MHD turbulence in [3] . 
ci , where i = 1, 2 or 3. The asterisk indicates the run is an LES. 
Kinematic runs
Kinematic runs (cf table 1) are later computed for a subset of the dynamical runs, for which we define the mean flow U as a time average of the dynamical velocity v:
where T is a time much larger than an eddy turnover time T NL at the integral scale L dyn , i.e.
In practice, an instantaneous velocity field is extracted from the dynamical simulations every time interval T to increment the running average of U(r). We used T ∼ T NL /100, and T > 200T NL . To save computer time, the averaging is done during the linear growth (or decay) phase in the dynamical runs-hence in the absence of a Lorentz feedback in the NavierStokes equation. Equation (2) (4)) is no longer a solution of the hydrodynamic equations. For instance, it does not have a well-defined viscosity in the sense that there is no known relationship from which one could compute a viscosity from the U(r) as opposed to the dynamical flow for which the velocity skewness is related to the dissipation and, hence, the viscosity. We therefore chose to attribute to the mean flow the viscosity of its generating dynamical run. Then one can also define an associated kinematic Reynolds number R V,kin = U kin L kin /ν, but instead we chose to represent all mechanical Reynolds number variations as a function of R V ≡ R V,dyn (see e.g. figures 1 and 3).
As for the magnetic Reynolds numbers, two definitions can be introduced. The critical magnetic Reynolds number can be given in terms of R M,dyn or R M,kin , computed from each field's characteristic lengths and r.m.s. velocities. Instead of giving two critical values for all kinematic runs, figure 2 shows the thresholds R 
Results
Before analysing the dynamo behaviour, we first compare characteristics of the dynamic and time-averaged velocity fields. Their spectra are shown in figure 1(a), for the DNS calculation at R V,dyn ≈ 930. While the dynamical flow has a typical turbulence spectrum, the time-averaged field is sharply peaked at the size of the TG cell. As the mechanical Reynolds number varies the properties of the average flow are the same, while they do vary for the dynamical field. For instance, the flow integral scale computed from the kinetic energy spectrum as
is shown in figure 1(b) ; we define · T as a time average and we recall that the TG flow is forced at k 0 = 1. For mechanical Reynolds numbers smaller than about 100, L dyn tends to be larger than the size of one TG vortex (≈ π). At higher R V s, the turbulent flow has an integral lengthscale clearly confined within the TG cell. The mean flow, however, has L kin ≈ π and U kin ≈ 3 at all R V s. We now turn to the dynamo generation. In the dynamical problem, the R c M,dyn versus R V curve-figure 2(b)-displays an initial increase, corresponding to the development of turbulence, followed by a plateau [3] where the threshold is independent of viscosity. This behaviour has been observed now for several coherent forcing functions (helical and non-helical) [3, 12, 13] , while for isotropic and homogeneous random forcing no saturation of R has been found so far (see e.g. [14, 30] and references therein). In the case of coherent forcing, both excitation of magnetic field lines at scales smaller than the forcing scale (with all Fourier modes growing with the same growth rate), and excitations of large-scales magnetic fields (which keep growing after the small-scales saturate) are observed [12] . This suggests that the mean flow associated with the coherent forcing plays an important role to obtain an asymptotic behaviour of R c M for P M < 1. However, the effect of the turbulent fluctuations on the value of R c M and dynamo action is harder to elucidate and to separate from the effect of the mean flow.
For kinematic simulations using the time-averaged flow, we found the existence of two distinct dynamo branches-a behaviour already revealed in the ABC flow [15] . As shown in figure 2(a), the kinematic growth rate is positive in the interval [R figure 2(b) ). We observe this window is essentially independent of the mechanical Reynolds number R V,dyn from which the time-averaged flow is generated. The threshold for the upper dynamo branch-R c3 M,kin -also appears to be independent of the kinetic Reynolds number; we have observed that it remains within 15% of the value R c3 M,kin ≈ 160 when R V is varied across our explored range [10, 10 4 ]. Essential findings in this paper come from the comparison of the above kinematic behaviour with the results obtained for the dynamo thresholds computed for the dynamical fields. The data A quite noteworthy feature is revealed when the dynamo thresholds obtained for the dynamical fields are plotted in terms of R c M,kin , i.e. using L kin and U kin as length and velocity scales [16] . Then one observes that dynamo action takes place outside the windows for which kinematic dynamos are found. Actually, the threshold computed in this way is below the kinematic upper branch. We attribute this difference as evidence of the role of turbulent fluctuations. At this point it may be unclear from figure 2(b) whether the effect of the fluctuations in the dynamical runs is to increase the threshold from the first kinematic window, or to decrease the threshold from the second kinematic branch. We shall return to this issue in the discussion section.
A comparison of the structure of the resulting dynamo fields, the magnetic energies, and the corresponding integral length scales is shown in figure 3 . For the dynamical dynamo runs, energy is distributed in a broad range of scales. For the kinematic dynamos evolved from the time-averaged flow, we observe that for the low R M mode the energy is strongly peaked at largescales, while it is more evenly distributed in the case of the high R M mode. However, the magnetic energy spectrum is not as broad as in the dynamical runs using the instantaneous flow. Note also the dynamical runs have a range of wavenumbers (at the large-scales) where the slope of the magnetic energy spectrum is positive, while the spectrum in the kinematic runs monotonically decreases with increasing wavenumber. This difference can be the result of the lack of dynamo action from the large-and small-scale fluctuations in the runs done using the average flow. Changes in dynamo behaviour are also reflected in the evolution of the magnetic integral scale L B , shown in figure 3(b) . The kinematic 'low mode' grows a dynamo essentially at scales larger than the TG cell (L B ≈ 1.6π) at all R V . For the 'high mode' on the other hand, magnetic fields grow within a TG vortex. The dynamo mode selected by the dynamical flow seems to switch between these two behaviours. At low R V it grows with an integral scale larger than the TG cell, and we observe that L B,dyn ∼ L B,kin . At high R V the magnetic integral scale is about half the size of the TG cell. The peak in the magnetic energy spectrum at smaller scales in the dynamic runs, as well as the smaller integral scale, together with the differences in the two dynamical curves in figure 2(a) , suggest that turbulent fluctuations may play a role enhancing the dynamoin agreement with [12] where both large-and small-scales were observed to cooperate. The growth of small magnetic scales allows the quenching of velocity fluctuations later in the nonlinear regime, and hence helps the growth of the magnetic field at large-scales.
The structure of the dynamos can be explored further with visualizations of isosurfaces of magnetic energy in real space. Figures 4(a) and (c) correspond respectively to the low and high kinematic dynamo modes, while figures 4 (b) and (d) show the dynamical fields, with the magnetic energy rescaled and averaged in time during the linear growth phase (i.e. E M (x, t)/E M (t) T ) for R V ≈ 77 and R V ≈ 460. One observes a good correspondence between the low R V dynamical mode and the kinematic low eigenfunction; indeed, at low Reynolds number the flow is laminar with small fluctuations about its mean; in this regime the dynamo is mainly generated in the shearing regions between the TG cells [12, 17] . At high R V , comparing the dynamical growing dynamo to the structure of the high R M eigenfunction, we recognize in figure 4(c) the 'twisted banana' structure of the neutral mode that underlies the α − dynamo in von Kármán flows (note that at high R V the TG flow in each cell is similar to the von Kármán swirling flow) [7, 17] . For the dynamical flow at high R V the TG cells are no longer as coupled as they are at low R V , and in figure 4(d) one does not observe the clear pattern of the kinematic eigenmode. As seen in the spectrum- figure 3(a) -the magnetic energy in the dynamical runs at high R V grows at all scales; it is only in the nonlinear phase that the magnetic energy is eventually dominated by the large-scales. However, at all R V s the dynamo grows predominantly in the planes π/2 and 3π/2 which cut through the centre of the TG cells. We observed a similar behaviour for TG flows forced at k 0 = 2 (two branches in the kinematic dynamo problem, and a transition of the value of R c M in the dynamical runs from the lower kinematic runs to a value close to the higher branch as turbulence develops). Results may differ for other types of forcings [13] .
Discussion
The observations made, particularly at large R V , may have some relevance for laboratory experiments. For instance, we find that once turbulence is fully developed, the dynamo threshold in the dynamical runs (in units of R [18] .
We also observe that the threshold reaches an asymptotic value when R V grows, in agreement with kinematic simulations using von Kármán mean flows measured in the laboratory [7] : the threshold was observed to be R V independent for R V in excess of ∼10 5 . Hence one may expect that kinematic predictions based on hydrodynamic measurements in laboratory prototypes can be useful for experiments. This is also of interest for numerical studies of natural dynamos, where a fully resolved description of the fluid motions in the correct range of parameters is currently out of reach [19] . There are however reasons to be cautious. The main concern lies in the observation that fully turbulent flows in confined volumes are not stationary: long-time dependence (i.e. slow changes) in the large-scales velocity fluctuations has been observed [20, 21] . Also, the effect of turbulent fluctuations on the threshold may need further study. While recent works have shown that a large-scales incoherent noise may increase significantly the dynamo threshold [22] , small-scale fluctuations can also be a source of dynamo action [1, 23, 24] .
This leads us to our last question. The central role played by the average flow is clear from the kinematic simulations. But can the results obtained so far be used to elucidate the role played by the velocity fluctuations in the dynamo process when P M < 1 and a mean flow is present? Two scenarios can be foreseen. The net effect of velocity fluctuations can be to enhance the magnetic effective diffusivity (thus giving a larger value of R c M in the dynamical runs than in the kinematic runs), or to be a source of dynamo action (thus giving a smaller value of R c M ). Analysis of kinematic runs perturbing the average flow with synthetic noise seem to suggest the first scenario [22] , but it should be remarked that the properties of the turbulent fluctuations are not independent of the properties of the flow in the large-scales [25] . On the other hand, the results presented here and results from spectral transfer analysis [26] seem to favour the second scenario.
Let us review the evidence so far. The analysis presented here separates mean flow from fluctuations based on timescales. This is a common practice in studies of turbulent flows, that can be complemented by a separation based on lengthscales. From the timescale analysis, we observe that the value of R c M in the dynamical runs is smaller than the corresponding value of the 'high branch' in the kinematic runs when both quantities are plotted in units of R c M,kin (see figure 2) . However, the dynamical dynamo mode shares some properties with the 'high branch' kinematic mode. We also observe a positive slope in the magnetic energy spectrum (∼k 3/2 [3] ) of the dynamical runs that is not observed in the kinematic average-flow simulations. This positive slope is consistent with (non-local) dynamo contributions [23, 24] , [27] - [29] due to the turbulent fluctuations (possible in the large-scales) and certainly not with a direct magnetic energy transfer.
A spectral analysis based on lengthscales [26] also showed that turbulent fluctuations at all scales give nonlocal stretching of magnetic field lines. For TG forcing (at k 0 = 2), R M ≈ 680 and P M < 1 it was found that the fluctuations at all wavenumbers up to k ≈ 12 are also a source of dynamo action that overcomes Ohmic diffusion as well as the removal of magnetic energy due to the direct transfer to smaller scales (a turbulent enhanced diffusion), thus contributing to the positive growth rate in all these wavenumbers. The observations presented, both in the time and space domain, indicate fluctuations at all scales (even at the forced scales) play a role in magnetic field amplification, and that under the proper conditions (e.g. if the mechanical and magnetic Reynolds numbers are large enough) the dynamo action due to these fluctuations can overcome the enhanced turbulent dissipation and cooperate with the stretching of magnetic field lines due to the average flow.
